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ON SEPARATING A FIXED POINT FROM ZERO BY 

INVARIANTS 

JONATHAN ELMER AND MARTIN KOHLS 


Abstract. Assume a fixed point v S K® can be separated from zero by a 
homogeneous invariant / S of degree p^d where p > 0 is the charac¬ 

teristic of the ground field k and p, d are coprime. We show that then v can 
also be separated from zero by an invariant of degree p^, which we obtain ex¬ 
plicitly from /. It follows that the minimal degree of a homogeneous invariant 
separating v from zero is a p-power. 


1. Introduction 

Let G be a linear algebraic group over an infinite field k of any characteristic and 
let X be an algebraic variety over k on which G acts. Then G acts naturally on the 
ring of functions k[A] by <?(/) := / o g~^ for / G k[A] and g G G. The ring of fixed 
points of this action is denoted by k[A]‘^ and we call this the ring of invariants. If 
G acts linearly and rationally on a finite dimensional k-vector space V then we call 
V a G-module, and k[V] is the set of polynomial functions V —?> k. In that case 
we have a natural grading k[V] = by total degree which is preserved 

by the action of G, and we have k[V] = S{V*), the symmetric algebra of the 
dual of V. Determining whether the ring of invariants k[A]‘^ is finitely generated 
is one of the oldest and most difficult problems in invariant theory. Hilbert was 
able to prove finite generation in the case where G = SL^, or GL^, and k a field 
of characteristic zero. Hilbert’s argument can be extended to any group with the 
following property: for every G-module V, and every nonzero fixed point v G 
there exists an invariant linear function / G {V*)^ such that f{v) ^ 0. Such groups 
are called linearly reductive. Linear reductivity of G is equivalent to the condition 
that all representations of G over k are completely reducible. Nagata made a 
major breakthrough by considering a more general class of groups. We say that G 
is geometrically reductive if the following property holds: for every G-module V and 
every nonzero fixed point v G there exists a homogeneous invariant function 
/ G k[V]‘^ of positive degree such that f{v) yf 0. Nagata [8] was able to prove that 
if G is geometrically reductive then k[A]‘^ is finitely generated for all X. Nagata 
and Miyata [S] subsequently showed that a geometrically reductive group must be 
reductive, a purely group-theoretic condition on G. It was conjectured by Mumford 
[7] that all reductive groups are geometrically reductive, a fact finally proved by 
Haboush [5] several years later. Now let G be a linear algebraic group over k and 
let H be a G-module. Following [3] we define for any v gV 

e{G,v) := inf{d G N>o | there exists / G k[I/]^ such that f{v) ^ 0}, 

where the infimum of an empty set is infinity. Thus, G is reductive if e(G, v') is 
finite for all nonzero v G and linearly reductive if e(G, t) = 1 for all nonzero 
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V € . Nagata and Miyata [SJ Proof of Theorem 1] also proved that if n S 

and there exists / € Ik[P]^ such that f{v) ^ 0 with d invertible in k, then there 
exists / G k[P]f such that f{v) ^ 0. Consequently for any nonzero v € , e{G,v) 

is equal to one, divisible hy p = char(k) or infinite. In particular, if char(k) = 0 
then every (geometrically) reductive group over k is linearly reductive. A version of 
their argument rephrased in language consistent with this note can be found in O 
Proposition 2.1]. The main purpose of this article is to prove the following result 
generalising the above in the case of positive characteristic: 

Theorem 1.1. Let p = char(k) > 0, r > 0 an integer and d > 1 an integer 
invertible in k. Let v £ \ {0} be a nonzero fixed point and suppose there exists 

a homogeneous invariant f of degree p''d such that f{v) 0. Then there exists a 
homogeneous invariant f of degree p'" such that f{v) 7 ^ 0. In particular, for any 
vGV^ we have that e{G,v) is either a power of p (including p^ = 1) or 00. 

One says that a pair of points v,w £ V can be separated if there exists an 
invariant / £ such that f(v) yf f(vj)- It has become quite popular recently 

to investigate so called separating sets, which are subsets S of the invariant ring with 
the following property: whenever two points can be separated, then they can be 
separated by an element of S. This research topic was introduced by Derksen and 
Kemper (TJ Definition 2.3.8], and quite a number of papers have appeared which deal 
with this topic. Remarkably, it turns out that even if the ring of invariants k)!/]*^ is 
not finitely generated, it still contains a finite separating set, see [TJ Theorem 2.3.15]. 
From the point of view of this research topic, we deal with separating a fixed point 

V £ from the zero point w = 0. Recall that, for any G and V, Hilbert’s Nullcone 
May is defined to be the vanishing set of all homogeneous invariants of positive 
degree. It is natural to consider the quantity 

5{G, R) := sup ({e(G, a) ] u G \ Nay} U {0}) . 

Since a separating set must certainly contain an invariant separating a given point 
outside the nullcone from zero, [II Theorem 2.3.15] implies that 5{G,V) is finite for 
any G and R. If G is linearly reductive then 5{G, R) < 1 for all R. For this reason, 
the number 5{G, V) can be considered as a measure for the “degree of reductivity” 
of the representation R. Further results on S{G, R) can be found in [5], [3] and [B]. 
Our main theorem implies immediately 

Corollary 1.2. For any G-module V, we have that 5{G, R) is zero, one, or a power 
of p = char(k). 

This article is organised as follows: in section two we prove Theorem 11.11 In 
section three we give an example showing how the theorem may be used to compute 
S{G, R) in cases where the ring of invariants is difficult to compute. 

2. Separating fixed points from zero 

Before we prove our main result, we want to reproduce the argument showing 
that in positive characteristic p, given a reductive group G and a nonzero fixed 
point V £ , there exists an invariant of p-power degree separating v from zero. 

This is a consequence of the following standard result for reductive groups. 

Theorem 2.1 (see [TJ Lemma A1.2]). Let G be a reductive group over a field of 
positive characteristic p and V, W be G-modules. If <f> : k[R] —>■ k[lR] is a surjective 
G-equivariant algebra-homomorphism, then for any f £ kJlR]*^ there exists anr >0 
such that fP'^ £ ())(k[R]‘^). 

Now consider v £ \ {0}. We define W := kv and write k[lR] = k[x]. The 

restriction map : k[R] —>• k[lR], / i-A f\w is clearly surjective and G-equivariant, 
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and as X S the theorem implies the existence of an invariant / € such 

that f\w = xP for some r > 0. It follows that for h the degree ^’’-component of /, 
we also have h\w = , and is a homogeneous invariant of degree p'’ satisfying 

h{v) = h\w{v) =xP’'{v) = 1 7 ^ 0 . 

Note that although this result implies that every nonzero fixed point v can be 
separated from zero by an invariant of p-power degree, it does not imply that the 
minimal possible degree of an invariant separating v from zero is also a p-power. 
This is a consequence of Theorem 11.11 which we prove now. The proof is based on 
similar ideas to those used by Nagata and Miyata; indeed, it specialises to their 
proof in the case r = 0 . 

Proof of Theorem 11.11 We extend vq := v to a basis {uq: vi, ■ ■ ■, Vn} of V and form 
the corresponding dual basis {xq, xi,..., x„} of V*. Then / has the form / = 
Sr=o ^0 where Ci £ k[xi,..., Xn]i and /(uq) = cq e k \ {0}. Dividing by cq, 

we may assume cq = 1. We claim that 

1 P'' 

r ^ \ ^ —i 

f'=^0+-^2^^0 D 

has the properties we require. Clearly, /(uq) = 1 7 ^ Oi and / is homogeneous of 
degree p’'. It remains to show that / is invariant. We will obtain / as the image of 
/ under a G-equivariant map k[ld]p,.^ ^ k[t/]pr. We have V* = k[xi,..., x„]i 0kxo 
as vector spaces. Since vq £ we have that k[xi,... ,x„]i is a G-submodule of 
V*. Consider the G-module k[xo,..., Xn]pr-d and the subspace 

p^d 

T .— 2 0 k[xi, . . . , , 

i.e. the set of polynomials of k[xo,..., Xn]p^d which have total degree at least p*" -f 1 
in the variables xi,..., x„. As uq € we have, for any g £ G, 

p(xo) = xo-f 7(p) for some 7(5) S k[xi,..., x„]i. 

It follows that T is in fact a G-submodule of k[xo,..., Xn]p^d- We next show that 
the map 

(j ). k[xo,. ■ -, XYi\prd/T I ^ k[xo, ■ • ■, XyijpT- 
given by k-linear extension of 
^ x{‘^ + T ^ xP\ 

x^‘^~^bk + T !-)■ 2^o~''bk for e k[xi,... ,x„]fc and fc = l,...,p’' 

is an isomorphism of G-modules. Clearly cj) is an isomorphism of k-vector spaces, 
so it remains to show that (f is G-equivariant, i.e. <fi{g(rn + T)) = g{(f>{m + T)) 
for every g £ G and m G k[xo,..., Xn]p^d- By k-linearity, it is enough to consider 
the cases m = Xq and m = Xg ‘^~^bk for bk £ k[xi,... ,Xn]k and k = 1 ,... ,p^. 
Assume to = Xg first. We fix p G G, set 7 := 7 ( 5 ) and compute 

H9{x^ ‘^ + T)) = <j){{xo + + T)= (fifxl P -fP^Y P T) = 

(j}{x^ -f dxg -y T) = xg -f jP" = (xo -f 7 )^" = 

9{xl ) = 9{(t>{xo ‘^ + T)). 

Note that in (*) we have used that xg g T for j > 2. Secondly assume 

TO = xg ‘^~^bk with 1 < fc < p’’ and bk £ k[xi,... ,x„]fe. We write bk '■= 9{bk) £ 
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lk[a;i,..., x„]fe. In the following computation we will use that 

mod p for k = 1,... ,p'' and j = 0,... ,p^ — k, see Lemmabelow. We obtain 

+ T)) = (j){{xo + 'yy''‘^~^bk +T) = 

Note that S k.[xi,... ,Xn]j+k- In particular, for j > p*" + 1 — fc, we have 
Xg € T, so in the sum above only summands for j = 0,... ,p'^ — k have 

to be taken into account. Also note that fc > 1, so each term of 'y^bk is of positive 
degree. Now by the definition of </> we obtain 

’ — k 


4>i9{xo '"hk 


+ T)) = <. f x: + r j = 


d — fc\ 1 pr_i^_j ~ Lemma[221 ^ 
j=o \ J / j=o 




I(a:o + 7)''" ^h) = g{4‘{^ *i>fc + r}}. 

This shows that (p is indeed G-equivariant. Now let 

TT . Ik[xo, . . . , ^n\p'^d ^ ; ^ulp^d/d^ 

denote the canonical projection, which is G-equivariant as T is a G-submodule. 
Then p o tt : k[a;o,..., Xnjp’-d —^ lk[a;o,..., Xn]p’- is a G-equivariant map, and hence 
it maps the invariant / to the invariant 


p^d 


' p^d 


= </* ^0 = (/) ^ xg "ci+T 


2=0 


^ 2=0 


As for 2 > + 1 we have Xq ^ ^Ci G T, only the summands where 2 = 0,.... 

need to be considered, so we obtain 

<^(7’'(/)) = </> ( -bT ] = (pix^ ‘^ + T) + '^~"ci + T) = 


a=o 




,P 


Cg = /• 


Hence, / is G-invariant. □ 

We have used the following characteristic p-relation on binomial coefficients: 
Lemma 2.2. Assume p is a prime and d > 1. Then we have 


p^d — k 

j 


p^ — k 

j 


mod p 


for fc = 1 ,... ,p’’ and j = 0 ,... ,p'’ — k. 


Proof. We first recall the well known Theorem of Lucas on binomial coefficients 
modulo a prime (see [ 1 ] for a short proof): if a, b are integers with p-adic expansions 
« = ^ = YhLo biP\ then 


n 

i=0 


mod p. 


Of course, here almost all summands are zero and almost all factors are equal to 1, 
as (’^) = 1 for all m > 0. We now consider the base-p-expansions j = EEo.?*?'*’ 
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d — k = — k = Y^’^o ^iP^^ where all ji, Ui, hi are zero for large 

enough i, and 0 < ji, Ui, hi < p for all i. As A: > 1 and j < p^ — k, we have that 
ji = 0 for i>r. As p'^d—k = p'" — k+{d—l)p^, it follows that = 6 ^ for 0 < z < r. 
We thus have by Lucas’ Theorem 




mod p. 


□ 


3. An example 

Corollary 11.21 sometimes allows a determination of 5{G, V) for a given represen¬ 
tation V without knowledge of the invariant ring. The special case p = 2 of the 
following example was treated in [SI Proposition 12]. 


Example 3.1. Consider a field of positive characteristic p, the cyclic group Zp of 
order p, and the action of the group G = Zp x Zp = ( 51 , 52 ) on a G-module 

V = {hi,..., hm, ei,..., Cm), m > 2, where 51 acts by the matrix ( 7 ^ ) ’ 


and 52 acts by the matrix ^ I j' denotes the m x m identity 

matrix, and JmW ^ lower triangular m x m Jordan block with eigenvalue A £ k. 
Then Cm £ V^, and we want to show that e{G, Cm) = P^- Note that, since for a finite 
group we have 6{G, V) < |G| (see jH Theorem 1.1]), this shows that 5{G, V) =p^. 
We write k[l/] = k[xi,..., Xm, 5 i, ■ • ■, 5 m]- We then have 


gi{xj) = Xj for z = 1,2, j = 1,... ,m 

giiVj) = Vj - Xj foi' j = 1, ■ • ■, w 

52(51) = 5i-2;i 

52(57) = Vj - - Xj-i for j = 2,..., m. 

It is easy to see that k[P]f = (xi,..., Xm), which shows e(G, e^) > 1- As e(G, e^) 
is a p-power by Theorem 11.11 and bounded above by jG] = p^, it suffices to show 
that e(G, e^) 7^ P- To this end, we will demonstrate that 5^]^ does not appear in 
any invariant polynomial. Define 

A„- :k[P]^k[P], f^glgi{f)-f forz,j£Z. 


As 5(52 acts by the matrix 


on V*, it follows that if a 


Then for an invariant polynomial f, Aij{f) = 0 for all i,j. We will say that a 
monomial r lies over a monomial s with respect to Aij if s appears in Aij{r). 

hm I'hm jJmiY 
0 Im 

monomial r lies over x^ with respect to for some i,j, then r is an element 
of the set M := {y^, Xmy?jj^, ,..., x^^pm}- Let now / £ k[V']'^ be an 

invariant. Let h — ^kymXhjjj^, Ck £ k, be the partial sum of terms of / with 

monomials from M. Then for all i,j, the coefficients of x^ in Aij{f) = 0 and 
Aij{h) respectively are equal. From 


A-i^-i{h) — A_i^_i 


/ p \ 

Y.CkytxP^'^ 
\k^l J 


V 

E 

k^l 


(cfc (5 m J- (A J- l)Xr, 


+ x™_i)'=xP-'= 


C7c5K-'=) 


= . . . + 


P 

E 


Cfc(A -I- i)^x^ -I-... 
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it follows that Y%=i + i)^ = 0 for i = 0,... ,p — 1. Therefore all elements 
of the set Z := {A, A + 1,..., A + p — 1} of size p are roots of the polynomial 
q := Clearly, 0 is also a root of q. Assume first 0 ^ Z. Then the 

polynomial q of degree < p has the elements of {0} U Z as p + 1 different roots, i.e. 
q = 0. In particular, Cp = 0, which shows that does not appear in /, which we 
wanted to prove and we are done. Secondly assume 0 £ Z. It follows A + io = 0 for 
some io G {0,... ,p — 1}, which implies Z = {0,1, 2,... ,p — 1}. As Z is also the set 
of roots of XP — X, it follows q = c{XP — X) for some c £ k, i.e. Cp = c, ci = —c, 
and the other a's are zero. Therefore we have h = c{y^ — x^^ym)- As iq + A = 0, 

gr°92^ acts by the matrix ( + ) = ( ^^ ) on V*. 

From this it can be seen that x^^ym is the only monomial that lies over x^^Xm-i 
with respect to A_iQ__i. Therefore, the coefficients of x^^Xm-i in = 0 

and 

A_iQ^_l( ym) — i.y^ J'm —l) “t“ CX^ Pm — 1 

are equal, hence 0 = c = Cp, which shows that y^ does not appear in / as claimed. 

Remark 3.2. In the above, it was easy to see that > e{G, Cm) > 1, and we showed 
e(G', Cm) 7 ^ p. Theorem 11.11 allowed us to conclude that e(G, Cm) = p^. If p = 2 this 
follows straight away from Nagata and Miyata’s result, but if p > 2 it is hard to 
rule out the possibility that e(G, Cm) = dp for some 1 < d < p without using our 
theorem. 
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